Optical fibers in which gain-guiding effects are significant or even dominant compared with conventional index guiding may become of practical interest for future high-power single-mode fiber lasers. I derive the propagation characteristics of symmetrical slab waveguides and cylindrical optical fibers having arbitrary amounts of mixed gain and index guiding, assuming a single uniform transverse profile for both the gain and the refractive-index steps. Optical fibers of this type are best characterized by using a complex-valued ṽ -squared parameter in place of the real-valued v parameter commonly used to describe conventional index-guided optical fibers.
INTRODUCTION
Optical waveguiding effects are most often produced by using transversely varying refractive-index profiles, as in conventional index-guided optical fibers and integrated optical waveguides. [1] [2] [3] [4] [5] [6] Optical waveguiding can also be created, however, by using transversely varying gain or loss distributions. Purely gain-guided optical waveguides requiring no associated refractive-index variation are well known in gain-guided semiconductor lasers. [7] [8] [9] Gaussian or parabolic gain profiles that lead to partially or completely gain-guided optical waveguides, or ''ducts,'' have been discussed in the literature and demonstrated experimentally. [10] [11] [12] [13] Gain-guiding effects have the particularly useful property that they can produce stable and confined waveguide modes even in compound systems characterized by index antiguiding, that is, even in systems whose transverse index profiles will not by themselves support confined or guided modes. 14, 15 There does not seem to have been a complete analysis to date, however, of the propagating modes for the elementary case of a uniform step-profile optical fiber whose cylindrical core contains an arbitrary amount of uniform gain guiding combined with an arbitrary amount of conventional index guiding or antiguiding. There may be some practical interest in structures of this type, for example in high-power single-mode fiber lasers, 16 and this paper therefore derives the elementary mode propagation properties of such fibers. For completeness and for purposes of comparison, the mode properties of symmetric slab waveguides with the same characteristics are also reviewed in some detail.
GENERAL CHARACTERISTICS OF GAIN OR LOSS GUIDING
This section summarizes some basic properties of gainguided and loss-guided modes that apply to both the onedimensional planar waveguides and the cylindrical optical fibers that are treated in subsequent sections.
A. The ṽ-Squared Parameter
The propagating modes in conventional index-guided step-profile optical fibers or waveguides are commonly characterized by the dimensionless parameter
where a is the half-width of a one-dimensional slab waveguide or the core radius of a cylindrical fiber, ⌬n is the index step of the central slab or fiber core compared with the surrounding cladding, and is the vacuum wavelength.
Suppose that an amplitude growth coefficient ⌬␣ having the same uniform distribution as the index step ⌬n is added to the core region of this model as illustrated in Fig. 1 . A uniform plane wave propagating in the medium that forms the slab or fiber core will then propagate as exp͓Ϫj(2(n ϩ ⌬n)/)z ϩ ⌬␣z͔. The plane-wave propagation factor in the core medium can thus be rewritten in the complex-valued form 2͑n 0 ϩ ⌬n ͒ ϩ j⌬␣ ϭ 2͑n 0 ϩ ⌬n ϩ j͑/2 ͒⌬␣ ͒
in which the growth coefficient ⌬␣ now appears as an imaginary component of the refractive index n 0 ϩ ⌬n. The real index step ⌬n can evidently be replaced in this situation by a generalized or complex-valued refractiveindex step ⌬ñ ϵ ⌬n ϩ j(/2)⌬␣. This further suggests that in optical waveguides or fibers having mixed index and gain guiding as shown in Fig. 1 , it will be convenient to define a complex-valued ṽ parameter in which the complex index value ⌬ñ replaces ⌬n in Eq. (1) . More precisely, it will be useful to consider the square of this generalized or complex-valued ṽ parameter, as given by
The approximation in the final term of this expression, which we will employ in the remainder of this paper, assumes that the refractive-index and gain steps ⌬n and (/ 2)⌬␣ in the slab or fiber core are both small compared with the index n 0 in the surrounding cladding. Within this approximation, using ṽ 2 rather than ṽ as the characteristic parameter has the useful property that the real and imaginary parts of ṽ 2 correspond directly to the ⌬n and ⌬␣ properties of the core. In the following discussions we will also understand that a positive value of ⌬␣ corresponds to a gain coefficient step in the fiber core, while a negative value of ⌬␣ corresponds to a loss or absorption coefficient step.
B. Gain-Guided versus Loss-Guided Structures
It may be useful at this point to emphasize the meanings of the terms ''gain guiding'' and ''loss guiding'' as they are used in this paper. In doing this it will be helpful to consider the sketches in Fig. 2 , which are intended to show the transverse variations of the gain and loss coefficients across the core and cladding regions of structures similar to Fig. 1 . Lines above the horizontal axis in each sketch indicate positive gain coefficients, i.e., positive values of ⌬␣ in the corresponding region, whereas lines below the horizontal axis indicate loss or absorption coefficients, i.e., negative values of ⌬␣ in the corresponding region.
Gain guiding as used in this paper then refers to any of the situations illustrated in the upper row of this figure, that is, any structure in which the coefficient ⌬␣ of the material in the core region of the structure (or perhaps averaged over the core region of the structure) has a larger value than in the outer cladding region of the structure. Note that under this interpretation the rightmost plot in the upper row of Fig. 2 still qualifies as ''gain guided'' even though it may in fact have net loss in the core region and an even larger loss in the cladding region. Gain-guided structures with transverse gain and loss profiles of the type shown in the top row of Fig. 2 will very often support one or more stable and confined guided modes, either alone or in the presence of simultaneous index guiding. They can even support stable and guided modes in structures that have net index antiguiding properties, as this paper will show. It is worth noting that optical resonators with variable-reflectivity mirrors (called VRM resonators) in which the mirror reflectivity is larger in the center and decreases in the outer regions of the mirror are closely analogous to the rightmost case in the top row of Fig. 2 , and such resonators are well known to support stable and confined resonator modes even in geometrically unstable resonators.
The plots in the lower row of Fig. 2 show analogous transverse gain and loss profiles for the loss-guided case. Again, the term loss guided is used here even though the rightmost figure in this row may actually contain net gain in both core and cladding. As this paper will show, lossguided structures corresponding to the bottom row in Fig.  2 can also support confined propagating modes, or at least mode-like mathematical solutions that are transversely confined in the sense that they die off at infinity and can be normalized to finite power. Further analysis generally shows, however, that these solutions in loss-guided structures, although confined, are often not stable against small perturbations in the structure. In physical terms, the ''modes'' of these loss-guided structures extend out farther from the lossy axis region of the structure with increasing mode number. (This is in fact typically the case with most open-sided waveguides.) As a result, the higher-order loss-guided modes have smaller net axial decay rates, or else larger axial growth rates, than do the lower-order modes. Any small perturbations to the structure then tend to couple energy from the lowestorder mode into higher-order modes; and these higherorder modes in essence progressively bleed energy out of the lowest-order mode and away from the waveguiding structure. This effect has become known, at least in some circles, as ''perturbation instability.'' Extensive discussions of perturbation stability in waveguides and resonators with parabolic or Gaussian gain or loss profiles have been given by earlier authors. 12, [17] [18] [19] [20] [21] This paper, while demonstrating the existence of confined solutions in spatially uniform loss-guided structures (as defined here), will not explore their mode stability properties in further detail.
It would have been possible to make the analyses in this paper seem slightly more general by including sepa- Fig. 1 . Schematic representation of a step-profile optical fiber or a one-dimensional slab waveguide in which the core or central slab has both a real refractive-index step ⌬n and a gain or loss coefficient step ⌬␣ with respect to the lossless refractive-index n 0 in the cladding. rate gain or loss coefficients ⌬␣ 1 in the core region and ⌬␣ 2 in the cladding region of Fig. 1 . The modal properties of the structures in Fig. 2 , however, will depend to first order only on the gain or loss difference between the core and cladding regions. That is, the mode solutions will be essentially the same for any of the three examples in either row of Fig. 2 , except for their overall axial growth rates, provided that they have the same gain coefficient difference ⌬␣ ϵ ⌬␣ 1 Ϫ ⌬␣ 2 . To simplify the analytical expressions, therefore, we have concentrated this ⌬␣ value in the core region only, corresponding more or less to the leftmost case in both rows of Fig. 2 .
C. Relative Magnitudes of Gain-Guiding and Index-Guiding Effects
We should also note that gain-guiding effects in practical optical waveguides are normally very weak compared with index-guiding effects. Gain guiding will become important in determining optical mode properties only when the imaginary part (/2)⌬␣ of the complex ṽ 2 parameter becomes comparable to or larger than the real index step ⌬n. The real index step in conventional glass optical fibers is typically in the range from ⌬n Ӎ 10 Ϫ1 to ⌬n Ӎ 10 Ϫ3 . The amplitude growth coefficient even in a heavily doped and heavily pumped solid-state laser medium, on the other hand, is unlikely to be much larger than ⌬␣ Ӎ 1 cm Ϫ1 , in which case the imaginary part of the refractive index will be on the order of (/2)⌬␣ Ӎ 10
Ϫ5 at a wavelength of 1 m. (Note that in the notation employed here, an amplitude growth coefficient ⌬␣ corresponds to a power gain coefficient of twice that value.) For gain guiding to play a significant role compared with index guiding in an optical waveguide or fiber therefore typically requires a gain coefficient ⌬␣ of at least 0.1 to 1 cm
Ϫ1
, combined with a difference in refractive index ⌬n between core and cladding of 10 Ϫ4 to 10
Ϫ5
or less. An index difference this small may be difficult to accomplish with current fiber-optics fabrication technology, especially in a heavily rare-earth-doped fiber core. Achieving index differences this small or smaller would not, however, seem to be impossible if there were sufficient interest in practical structures with this characteristic.
MODES IN SYMMETRIC GAIN-GUIDED SLAB WAVEGUIDES
For purposes of comparison and to introduce certain useful concepts and notation, I will first review in this section the mode properties of symmetric one-dimensional planar or slab optical waveguides that include uniform gain or loss guiding together with uniform index guiding or antiguiding.
A. Basic Analysis
The symmetric modes in a uniform symmetric slab waveguide with core thickness 2a have the general forms
in the core and cladding regions, where the parameters w and ũ are purely real in purely index-guided waveguides but take on complex values when gain or loss guiding is added. A slab waveguide of this type will also have antisymmetric modes that have the same form with sines substituted for the cosines. Each such mode then propagates as exp(Ϫj␤ z), where ␤ is a complex-valued and mode-dependent propagation constant related to the parameters ũ and w by
where k ϵ 2/ and w ϵ w r ϩ jw i . The complexvalued ũ and w parameters are further related to the complex ṽ 2 parameter of relation (3) by
where ṽ 2 is the waveguide parameter as defined in relation (3) . Requiring that the mode function and its slope be continuous at the edges of the slab then leads to the additional conditions that 
These are commonly referred to as the dispersion equations or eigenmode equations for the slab waveguide. Taken together, Eqs. (4)- (9) determine the relations between the waveguide parameter ṽ 2 for a given slab waveguide and the mode parameters ũ and w as well as the propagation constant ␤ for the modes in that waveguide. The modal parameters w , ũ and ␤ can be further labeled by a mode index m if necessary to distinguish between lowest-and higher-order modes. Additional details on how Eqs. (4)- (9) can be solved numerically are summarized in Appendix A.
B. Typical Results
In the remainder of this section I will summarize the elementary properties of such slab-waveguide modes in the presence of significant amounts of gain or loss guiding. If the propagating fields associated with the slab eigenmodes are to be confined and normalizable, Eq. (4) requires that the real part of the complex w parameter must have a positive value w r Ͼ 0 where w ϵ w r ϩ jw i . Moreover the phase fronts outside the slab, which have the form exp͓Ϫj(␤ r z ϩ w i x)͔, will necessarily propagate outward at an angle from the slab in the gainguided case since they must represent energy moving outward from the higher-transmission medium inside the slab to the lower-transmission medium in the cladding.
This leads to the requirement that the imaginary part of w satisfy w i Ͼ 0 for gain-guided modes. An analogous argument requires that w i Ͻ 0 in the loss-guided case (meaning ⌬␣Ͻ0). Physically allowed values for the parameter w will therefore be limited to the right half of the complex w plane as shown in Fig. 3 . Purely index-guided modes of the slab will be located on the positive real axis in the w plane, with the upper-and lower-right quadrants corresponding to the mixed gain-guided (or loss-guided) and index-guided (or antiguided) cases.
Further analysis shows that confined mode functions of the form given in Eq. (4) Fig. 3 . The heavier dashed lines marked GG and LG correspond to purely gain-guided or purely loss-guided solutions, respectively. They thus mark the boundary between positive index guiding in the regions inside (between) these curves and negative index guiding or antiguiding solutions in the regions outside them. Figure 5 provides perhaps the most useful representation of these solutions. The horizontal and vertical axes in Fig. 5 correspond physically to ⌬n and (/2)⌬␣, respectively, and are so labeled. The numerical scales on these axes correspond, however, to the real and imaginary parts of ṽ 2 as defined in Eq. (8) . Each point in this plot then corresponds to a specific waveguide with specific values of the parameters indicated in Fig. 1 . The figure shows how the allowed regions in the w and ũ planes transform into essentially unbounded regions in this complex ṽ 2 plane, specifically those regions located outside and to the right of the solid lines in the figure.
The top plot in Fig. 5 shows the allowed region in the ṽ 2 parameter for the lowest-order or m ϭ 1 mode only. The allowed region for this mode extends out to infinity in all directions, except for a narrow stripe immediately above and below the negative ⌬n or pure antiguiding axis where no confined propagating solutions are allowed. The dashed nearly circular arcs correspond directly to the semicircular arcs in Fig. 3 . The heavy boundary lines in the lower plot of Fig. 5 show how higher-order modes become enabled as one moves further from the origin in the ṽ 2 plane, that is, as one moves either to larger values of ⌬n Ͼ 0 for any value of ⌬␣ or to larger values of ͉⌬␣͉ for any positive or negative value of ⌬n. Taken together, these figures indicate that adding any amount of positive gain ⌬␣ to a conventional index-guided slab waveguide will move the ṽ 2 value of any given mode from its initial position on the real ṽ 2 axis, in a vertically upward and generally leftward direction in the complex ṽ 2 plane. Adding a negative value of ⌬␣ (that is, a positive loss coefficient) will move the ṽ 2 position symmetrically downward and to the left. Figure 5 also indicates that mode solutions exist everywhere along the entire vertical axis in the ṽ 2 plane, corresponding to the case ⌬n ϭ 0. These solutions thus correspond to pure gain guiding above the horizontal axis and to pure loss-guided solutions below the horizontal axis.
Of particular interest is the fact that the mode boundaries and mode propagation regions for all of the slab waveguide modes eventually cross over into the left-hand side of Fig. 5 where the real part of ṽ 2 , corresponding to the refractive-index step ⌬n, is negative. This region corresponds therefore to a lower refractive index in the slab than in the cladding and therefore to an antiguiding behavior associated with the real refractive part of the waveguide. It appears that an index-antiguided slab waveguide can still support a set of confined and guided modes even with an arbitrary negative refractive-index step, that is with any value of ⌬n Ͻ 0, provided that it has any finite amount of excess gain or loss ⌬␣ in the central slab and that the thickness of the central slab is sufficiently large. One can understand this behavior in physical terms, at least for the gain-guided case, by noting that there will always be some finite plane-wave reflection coefficient at the interface between the waveguide slab and its cladding for any nonzero values of either ⌬n and ⌬␣, whether of positive or negative sign. If the waveguide in fact contains a finite and positive gain coefficient ⌬␣, then there will always be a slab thickness and an incidence angle at which the amplification or growth of the wave in traveling across the waveguide thickness due to the internal gain will compensate for a reflection coefficient less than unity at the core-cladding interface. Figure 5 shows in fact that the amount of gain guiding needed to overcome index antiguiding actually seems to decrease slightly as the amount of index antiguiding increases.
Finally, we note again that the loss-guided solutions in the lower-half-planes of all of Figs. 3, 4, and 5, although they provide confined mode solutions, are likely be perturbation unstable in a fashion similar to the well-known properties of negative-loss-guided Gaussian ducts. 12, [17] [18] [19] [20] [21] Only the gain-guided solutions in the upper-half planes of Figs. 3, 4, and 5 (and subsequent figures) are likely to provide the kind of both confined and perturbation-stable modes that are of primary interest in practical applications.
MODES IN GAIN-GUIDED STEP-PROFILE OPTICAL FIBERS
This section evaluates the low-order LP01 and LP11 eigenmodes in cylindical step-profile optical fibers with an arbitrary gain step ⌬␣ and an arbitrary index step ⌬n (positive or negative in sign) with the same general approach and notation as in the preceding section. The results for the cylindrical fiber case are found to be generally similar to those for the slab-waveguide case, but with some significant differences as well.
A. Basic Analysis
The Ẽ fields for the lowest-order, or LP01, modes in a cylindrical fiber (there are actually two such modes, with orthogonal polarizations) have the form
with the parameters w and ũ having the same interpretation and the same relation to the ṽ 2 parameter as in the slab-waveguide case. The fields for the next-higherorder, or LP11, set of modes are given by again with the same interpretation. Matching the functions and slopes at the core-cladding interface then leads to dispersion equations analogous to Eqs. (8) and (9), namely,
and
Since the Bessel functions in the outer cladding region have the limiting form at large radius of
the allowed values of w for the cylindrical fiber modes are again limited to the right half of the complex w plane, just as for the slab-waveguide case in Fig. 3 . Solving the dispersion relations in Eqs. (12) and (13) to find the corresponding values of w and ũ for a given value of ṽ 2 is somewhat more difficult in the cylindrical case because of the more complicated behavior of the complex-valued Bessel functions. Appendix A also discusses some aspects of these cylindrical solutions. Figure 6 shows the allowed regions in the complex ũ plane for the LP01 and LP11 modes in the cylindrical fiber case, analogous to the slab-waveguide results in Fig.  4 . The allowed regions in the ũ plane are somewhat differently shaped than in the step-waveguide case, and one now observes a small overlap at the juncture of the two regions. The positive real axis in the ũ plane again corresponds to purely index-guided modes, i.e., to conventional step-profile optical fibers, with the real u r values extending from u r ϭ 0 to the Bessel function root u r ϭ j 01 Ӎ 2.4048 for the LP01 case and from u r ϭ j 01 to u r ϭ j 11 Ӎ 3.83170 for the LP11 case. There are of course a series of higher-order Bessel function modes as well, but the LP01 and LP11 cases are of primary interest here. The dashed, roughly circular arcs inside each of the mode regions correspond to half-circles in the w plane just as in Fig. 3 , although the radii of the corresponding circles in the w plane are different for the LP01 and LP11 cases and different from the circles corresponding to the slab-waveguide results of Figs. 3 and 4 . The heavier slanting dashed lines mark the loci in the complex ũ plane for pure gain guiding and thus the boundaries above which index antiguiding occurs. (The symmetrically located boundaries for pure negative-gain guiding have not been included in the figure.)
B. Typical Results
Combining these results for the w and ũ parameters leads to the complex ṽ 2 plane plots shown in Fig. 7 . The figure axes are again labeled ⌬n and ⌬␣, but the numerical scales correspond to values of the ṽ 2 parameter. The upper plot shows that the mode propagation boundaries for both the LP01 and LP11 modes again bend over into the left half of the ṽ 2 plane very much as in Fig. 5 . Lowest-order and higher-order modes for the cylindrical fiber case can thus exist over the greater portion of the ⌬n, (/2)⌬␣ plane except for a narrow band immediately above and below the negative ⌬n axis. The quasicircular arcs in this plot again correspond to hemispherical arcs in the w plane (although not the specific arcs shown in Fig. 3) .
The lower plot in Fig. 7 shows a magnified view of the LP01 mode boundary in the region near the origin of the ṽ 2 plane. There is obviously a significant difference between the slab-waveguide and cylindrical-fiber behavior in this region. For the limiting case of pure index guiding, both slab waveguides and cylindrical fibers will main- tain a weakly guided but still confined mode continuously all the way down to the origin along the real axis in Figs. 5 or 7, that is, all the way down to zero index step ⌬n → 0 or zero thickness a → 0 in Fig. 1 . The slab waveguide will then also maintain a propagating mode throughout the entire region to the right of the origin if one adds to the slab any amount of gain ⌬␣ for any value of ⌬n у 0, as shown in Fig. 5 . For the cylindrical fiber, however, adding anything more than a very small amount of positive (or negative) gain ⌬␣ to the fiber core for smalldiameter fibers located near the origin in the ṽ 2 planespecifically, for purely index-guided fibers with real ͉ṽ ͉ 2 less than ϳ0.75-causes the fiber to no longer support a confined propagating mode. This region near the origin represents a case, therefore, where adding positive gain can actually cause a positive-index-guided structure to cease supporting a confined mode, at least initially. As Fig. 7 shows, however, increasing the value of ⌬␣ for a fixed value of ⌬n in this region will eventually, at large enough ⌬␣, turn positive waveguiding back on again for any value of ⌬n, even including zero or negative values.
Some insight into this difference between the onedimensional slab and two-dimensional fiber cases can be obtained by plotting the real value of w r versus the real value of u r as u r → 0 for the lowest-order modes of both the slab waveguide and the cylindrical fiber. The result, as shown in Fig. 8 , is that the value of w r drops to zero at the origin, that is, as u r → 0 or as v r → 0, in both cases. This vanishing value of w r means in physical terms that in either case the cladding fields begin to extend very far outside the core so that the modes are increasingly weakly guided by either the waveguide or the fiber as v r → 0. Figure 8 shows, however, that this effect is much stronger for the two-dimensional fiber case than for the one-dimensional slab case. In the cylindrical fiber case the value of w r drops precipitously toward vanishingly small values for values of u r below ϳ0.5 (note the log scale for w r in Fig. 8 ). Apparently the degree of index guiding for the two-dimensional fiber becomes so weak in the limit as v r → 0 that adding small amounts of gain to the fiber can actually destroy the mode confinement.
One might have some concern about the accuracy of numerical solutions to the LP01 dispersion relation in the small ũ and very small w regions under discussion here, especially considering the rapid variation of the w r parameter shown in Fig. 8 . Appendix A, however, gives an analytic approximation to the fiber dispersion relation in this region that confirms the validity of the numerical results presented in Fig. 7 . The modal boundary line as determined from this analytic approach is shown by the dashed curve labeled ''small v approx'' in Fig. 7 .
CONFINEMENT FACTORS FOR SLAB AND CYLINDRICAL WAVEGUIDES
A parameter of significant interest for any optical waveguide mode is the mode confinement factor or filling factor, that is, the fraction of the total power carried by the mode that is confined within the core region of the waveguide. This parameter is of particular interest for stepprofile waveguides or fibers because it also represents the ratio of the axial amplitude growth or gain coefficient for the mode itself to the amplitude gain parameter ⌬␣ that is doped into the core region. Figure 9 presents data on the confinement factor for the lowest-order or m ϭ 1 mode of a slab waveguide. The dashed curves in the upper plot of Fig. 9 indicate the contours in the ṽ 2 plane along which the confinement factor ⌫ for the m ϭ 1 slab waveguide mode is equal to varying percentage ratios from 20% through 80%. The axial gain coefficient for the lowest-order mode in a waveguide located anywhere on one of these contours will then have this same fractional value relative to the plane-wave gain coefficient ⌬␣ in the slab. As an extension of this the lower plot in Fig. 9 shows the confinement factor ⌫ plotted versus the magnitude of the ṽ (not ṽ 2 ) parameter for the purely index-guided and purely gain-guided lowest-order modes of the slab waveguide. Note that for a given slab thickness the gain step (/2)⌬␣ needed to obtain a given confinement factor is not much larger than the real index step ⌬n needed to obtain the same confinement factor in a purely index-guided slab. Figure 10 shows similar data for the modes in a cylindrical gain-plus-index-guided fiber, with the upper plot showing contours of constant ⌫ for the LP01 mode in the complex ṽ plane and the lower plot showing curves of ⌫ versus the magnitude of ṽ for purely index-and gainguided LP01 and LP11 modes. It was noted in the previous section that although a purely index-guided fiber will propagate all the way down to ⌬n ϭ 0 or down to ͉ṽ ͉ ϭ 0 on the real ṽ 2 axis, the mode-guiding behavior in a purely index-guided fiber becomes very weak for values of v r Ͻ 0.7. The lower plot in Fig. 10 confirms this by showing that the confinement factor ⌫ is almost vanishingly small at the lower end of the index-guided LP01 curve, rising to significant values only for v r Ͼ 0.7. In addition, the purely gain-guided LP01 mode turns on, or begins to propagate, only for values of ͉ṽ ͉ Ͼ 1.365, although the value of ⌫ rises very rapidly with increasing gain guiding beyond that point.
These figures make clear that although gain-guiding effects may be inherently weak, it is nonetheless possible to obtain a sizable confinement factor for the lowest-order mode inside a gain-guided slab or a gain-guided fiber while still retaining purely single-mode operation. In particular, a purely gain-guided slab-waveguide mode with no index step can evidently have a confinement factor of slightly more than 80% before it reaches the boundary where the next-higher-order m ϭ 2 mode begins to propagate. The corresponding number for the purely gain-guided cylindrical fiber LP01 mode is nearly 70% confinement factor before the gain-guided LP11 modes can begin to propagate. Purely gain-guided operation can thus provide a desirable combination of high confinement factor combined with single-mode operation, or at least excellent gain discrimination against higher-order modes, in optical fibers with large diameter cores but small values of the gain-guiding parameter (/2)⌬␣.
INHOMOGENEOUS PLANE-WAVE MODEL FOR THE GAIN-GUIDED SLAB WAVEGUIDE
As a supplement to the discussions of Section 3, and to provide additional insight into the nature of gain-guided slab-waveguide modes, this section will briefly summarize an alternative method of deriving and interpreting the modes in gain-plus-index-guided slab waveguides, using the concept of complex-valued inhomogeneous plane waves.
It is well known that the fields associated with a propagating mode in a lossless one-dimensional slab waveguide can be represented both inside and outside the waveguide as uniform plane waves. 5 In the gain-guided case, however, these uniform plane waves must be extended to become complex-valued or inhomogeneous plane waves, 22 that is, infinite plane waves of the general form
In this expression the vectors k and g represent purely real propagation vectors for the phase and amplitude variation of the fields, respectively. These two vectors need not be parallel to each other in real space. If they are not parallel, then surfaces of constant phase, which are perpendicular to the k vector, will not be coincident with or parallel to surfaces of constant amplitude, which are perpendicular to the g vector. Inhomogeneous plane waves of this type represent the most general plane-wave solutions to the scalar wave equation or to Maxwell's field equations, not only in lossless and isotropic dielectrics as noted by Born and Wolf, 22 but more generally in any isotropic medium having spatially uniform values of index of refraction n and gain or loss coefficient ␣.
23
Although the k and g vectors are not necessarily parallel, certain relations between their parallel and perpendicular components are imposed by the vector wave equation. These relations say, for example, that the g vector in a lossless medium can be of arbitrary length (imposed by boundary conditions, not by the wave equation) but the g vector must always be perpendicular to the k vector. In a gainy medium the g vector can also be of arbitrary length but must have a certain positive projection onto the k vector (or a negative projection for a lossy medium). These inhomogeneous plane waves can also be separated into TE and TM waves, which have their associated field components perpendicular to the plane defined by the k and g vectors. The Poynting vector for either of these waves is then always parallel to the k vector, even though the wave amplitude may appear to increase or grow in the direction of the g vector. Complex Fresnel reflection coefficients for these waves at planar interfaces can also be worked out.
The fields for the m ϭ 1 mode in a gain-guided slab waveguide in particular are inhomogeneous plane waves having the forms
inside the waveguide slab and (17) in the cladding material above the slab. In these expressions ␤ and g are the axial phase propagation and growth coefficients for the mode itself, as given by ␤ ϵ ␤ ϩ jg, and u r , u i , etc., are the real and imaginary parts of the ũ and w parameters associated with the given waveguide mode.
To illustrate the nature of these inhomogeneous planewave solutions, Fig. 11 shows an example of the inhomogeneous plane wave vectors inside and outside a particular slab waveguide with the mode parameters ũ ϭ 1.2 ϩ j0. 4 , w Ӎ 0.7588 ϩ j2.226, and ṽ 2 Ӎ Ϫ3.1009 ϩ j4.33875. The longer, near-horizontal vectors in the plot are the k vectors above, inside, and below the slab, and the shorter, nearly vertical vectors are the associated g vectors. Since there is no physical significance to the intersection points of the k and g vectors, the g vectors have been laterally and vertically displaced and also increased in length to make them more readily visible. The directions and angles of the individual vectors are all correctly represented, however.
The waveguide mode in this case travels without change of shape in the axial direction, although it has a net gain or an amplitude growth coefficient g in that direction. It can be seen from Fig. 11 , however, that the k vectors and therefore the associated parallel Poynting vectors inside and especially outside the slab point are tilted at angles corresponding to partially outward propagation away from the slab axis. This outward tilt is necessary in order for energy to be carried outward from the gain medium in the slab toward the outer portions of the axially growing fields outside the slab. The g vectors point inward, however (as well as having a positive axial component g z ϭ g), because the field amplitudes increase as one moves both along the slab and inward toward the slab (or, equivalently, the field amplitudes decrease as one moves outward from the waveguide axis).
The particular case shown here corresponds to a strongly gain-guided but index-antiguided waveguide, as indicated by the negative value for the real part of ṽ 2 . The transmitted k vectors therefore actually refract into steeper angles outside the slab than the incident and reflected k vectors inside the slab. The k and g vectors are necessarily perpendicular in the lossless cladding regions outside the slab, as mentioned above. The g vectors in the gainy region inside the slab, however, necessarily have a positive component along the corresponding k vectors, as also mentioned above. The vertical dashed lines indicate that all of the k and g vectors both inside and outside the slab must have equal vector components along the axial direction to ensure both phase matching and equal axial growth rates for the incident, reflected, and transmitted waves at the slab-cladding interfaces. One could in fact use this condition to evaluate, if desired, a generalized or a complex-valued Fresnel reflection coefficient (less than unity in magnitude) for the inhomogeneous plane waves at the slab surfaces, and one could then further use this reflection coefficient as an alternative method to derive the dispersion relations of Eqs. (8) and (9) for the general gain-guided slab waveguide. This would then provide a complex generalization of the purely real uniform plane-wave derivation of slab-waveguide modes as commonly presented in, for example, Saleh and Teich's textbook 5 and elsewhere.
DISCUSSION
Many useful laser applications would be very well served by fiber laser oscillators or amplifiers that could deliver several hundred watts or even kilowatts of cw power in a single transverse mode. Conventional index-guided optical fibers will generally not maintain single-transversemode operation for core diameters larger than a few tens of micrometers, and transmission of power levels greater than a few tens of watts or at most a few hundred watts through fibers of this diameter generally leads to unwanted or even destructive nonlinear optical effects. Given the relative weakness of gain guiding relative to index guiding, gain-guided fibers of the type analyzed in this paper could provide a method for maintaining singlemode operation in fibers of much larger diameters, with core diameters up to several hundred micrometers or more. A fiber of this type might comprise a largediameter core region containing heavy gain doping combined with either zero-index or even a negative-index step. Such a fiber might be fabricated, for example, by using two different carefully index-controlled glass compositions for core and cladding, combined with rod-andtube technology 24, 25 to prepare the fiber preforms and draw the fibers. An appropriately designed form of cladding pumping could then be used to produce the gain coefficient ⌬␣ in the core region. A fiber laser of this type would also have the interesting property that guiding would be present only when the pump power was applied, becoming nonguiding or even antiguiding in the absence of a pump. This property could potentially lead to new forms of switching, cavity dumping, or single-pulse extraction from mode-locked fiber lasers. For both the slab-waveguide and the optical-fiber examples described in this paper, one can note that obtaining gain-guided behavior even in the index antiguiding regime does not necessarily require an unreasonably large value of the gain coefficient ⌬␣, because the imaginary part of ṽ 2 is proportional both to the amplitude growth coefficient ⌬␣ and to the fiber core diameter 2a squared. Achieving single-mode waveguiding along the imaginary axis or even in the left-hand region of Fig. 7 evidently requires that the imaginary part of the ṽ 2 parameter have a value (2a/) 2 (n 0 ␣/) greater than ϳ2. For a power gain coefficient 2␣ ϭ 1 cm
Ϫ1
, a wavelength of 1 m, and an index n 0 ϭ 1.45, this condition is satisfied by a fiber with a core diameter of 2a greater than ϳ100 m. Decreasing the power gain coefficient to 2␣ ϭ 0.1 cm Ϫ1 will increase the minimum required core diameter to 2a у 300 m.
The operation of practical fiber lasers with this approach will not be without serious obstacles, even leaving aside the problems of fabricating fibers with the very small index steps and providing the substantial pumping powers and gain coefficients that will be required. Because the guiding effects in these fibers will be weak at best, they will be susceptible to bending losses. On the other hand, with gain coefficients this large, only short lengths of fiber will be needed to achieve significant gain or oscillation in a fiber laser device; a fiber of this type will be more in the nature of a slender core-doped laser rod than a conventional fiber laser.
The waveguiding effects in a gain-guided laser of the type discussed here will also decrease with increasing signal power as a consequence of gain saturation and the associated reduction in the quantity ⌬␣. The limitations that this may place on power extraction in fiber lasers of this type can be evaluated only by using morecomplicated propagation calculations.
Perhaps the most serious practical difficulty, however, will be thermal index changes and the resulting thermal focusing effects that generally occur at high laser powers in essentially all solid-state laser materials. Effects of this type in a large-diameter fiber laser, if they create a large thermally induced positive value of ⌬n in the core region, will override and swamp the gain-guiding effects and tend to convert the large-diameter fiber back into a multiple-transverse-mode system. Techniques for overcoming or canceling these thermal effects might include careful index control of the glass compositions in the core and cladding regions. The unusual behavior of the gainguided mode boundaries in the negative-index or index antiguided regions of the ṽ 2 plane, as shown in Figs. 5 and 7, also offers some hope that one might use deliberate index antiguiding to play off against the thermally induced index-guiding effects in a high-power gain-guided fiber laser device.
APPENDIX A: NUMERICAL MODE CALCULATIONS
This appendix supplies additional details concerning the numerical solution of the waveguide and fiber mode equations presented in this paper. All of the calculations for this paper were done with the software program MATH-EMATICA 4.2. Copies of the relevant MATHEMATICA notebooks can be obtained by contacting the author.
The dispersion equations for the slab waveguide in Eqs. (8) and (9) yield w as an explicit function of ũ for both even and odd modes, and these expressions are readily separated into real and imaginary parts. Separating the dispersion equation for the even symmetry case into real and imaginary parts, for example, leads to w r ϭ u r sin 2u r Ϫ u i sinh 2u i cos 2u r Ϫ cosh 2u i ,
where subscripts r and i stand for real and imaginary quantities, respectively. It is then convenient in doing numerical calculations to treat the real and imaginary parts u r and u i as the free variables in the problem and to solve for the values of w , ṽ 2 , and other quantities in terms of u r and u i . It is clear from Eq. (A1) and its antisymmetric analog that the allowed ranges of u r for u i ϭ 0 are given by (m Ϫ 1)/2 р u r р m/2, with odd integers m corresponding to symmetric modes and even values to antisymmetric modes. The maximum allowed values of u i for a given value of u r (that is, the outer mode boundaries in Fig. 4 ) can then be obtained by setting the numerator of the expression for w r equal to zero. The contours in the complex ũ and ṽ 2 planes that correspond to the pure gain-guided condition ⌬n ϭ 0 can also be determined by setting the analytical expression for the real part of ṽ 2 equal to zero. The mode parameters for the cylindrical fiber case are somewhat more difficult to calculate, because the dispersion relations of Eqs. (12) and (13) are implicit and the Bessel functions of complex argument do not readily separate into real and imaginary parts. In addition, the parameter w has an extremely rapid variation with ũ in the small w and ũ region, as illustrated in Fig. 8 . One approach to numerical solution of the dispersion equations is the following: Select a purely real value of ũ , call this u R , that falls in the general region of interest and then solve for the corresponding real value of w r ϵ w R by applying a purely real root-finding routine to the appropriate dispersion relation from Eq. (10) . This guarantees that the resulting value of w R will be reasonable. One can then rotate this value of w in the complex w plane of Fig. 3 by writing w ϭ w R exp( j), where is considered the free variable, and then use complex root-finding routines applied to Eq. (10) to find the matching values of ũ and other quantities as a function of . For small values of ũ and w located near the origin in the ṽ 2 plane, one can also approximate the left-hand side of the LP01 mode dispersion relation of Eq. (12) by ũ 2 /2 and the right-hand side by 1/(log 2 Ϫ ␥ E Ϫ log w ), where ␥ E Ϸ 0.577216 is Euler's gamma constant. Combining these gives the small-signal approximation ũ Ӎ ͓2/(log 2 Ϫ ␥ E Ϫ log w )͔ 1/2 , which was used to derive the small ṽ approximation shown in Fig. 7 .
One may also wish to find the values of w and ũ that correspond to a given complex value of ṽ 2 in either the waveguide or the fiber case. Examination shows that in either of these cases the value of the complex ratio w /ṽ for any arbitrary mode solution falls in a distinctive heartshaped region in the complex plane, with the point of the heart located at the origin, the axis of symmetry of the heart extending along the positive real axis, and the ''cusp'' of the heart located at unity on the positive real axis. In addition, the value of w associated with any given value of ṽ generally falls roughly on a line within this region that goes from w ϭ 0 to w ϭ ṽ . One can therefore find this value of w numerically by applying a complex root-finding routine to the dispersion relations of the waveguide or the fiber case rewritten in terms of w and ṽ 2 , with the initial starting points for the complex root finder chosen as w 1 ϭ ⑀ṽ and w 2 ϭ (1 Ϫ ⑀)ṽ for small or zero ⑀. In particular, the dispersion relation for the slab-waveguide case can be written as (ṽ 2 Ϫ w 2 ) . It is also useful to note that the complex-valued propagation constant ␤ for any of the modes in either the slab waveguide or the fiber case is given by
whereas the propagation constant for a plane wave in the gainy slab or fiber core medium itself, call this ␤ pw , is given by ͑ ␤ pw a ͒ 2 ϭ ͑ ka͒ 2 n 0 2 ϩ ṽ 2 ͑ plane-wave propagation constant͒. (A3)
The gain-reduction factor for the modal gain coefficient relative to the uniform plane-wave gain coefficient in the core medium is then the ratio of the imaginary parts of these propagation constants, which is given in the smallgain approximation by
where v r and v i are the real and imaginary parts of ṽ . For uniform gain media as assumed in this paper, this expression is necessarily also the same as the waveguide or fiber confinement factor, that is, the ratio of the modal power flowing inside the slab or fiber core to the total power in the mode at any transverse plane, as determined by integrating over the wave-function expressions. Carrying out this integration for the m ϭ 1 waveguide mode using the slab waveguide functions of Eq. (4) gives, for example, and this turns out to be, as expected, mathematically identical to Eq. (A4) for the same case. More generally, inserting the appropriate numerical values of w ϭ w r ϩ jw i and ṽ ϭ v r ϩ jv i into Eq. (A4) leads to the results shown in Figs. 10 and 11 for both the waveguide and the cylindrical fiber cases.
